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1 ͸͡Ίʹ
δϟάϦϯάʢ͓खۄʣͱ͸ɼෳ਺ͷ෺ମʢҎԼϘʔϧʣΛ࿈ଓతʹ౤্͛͛ΔܳͰ͋Δɻ
ࠓ೔ɼଟ͘ͷδϟάϥʔʹࢧ࣋͞Ε͍ͯΔαΠτεϫοϓʢsite-swapʣදه๏Ͱ͸ɼ౳ִؒͷ
ҰఆͳϦζϜͰϘʔϧΛ౤͛Δ͜ͱΛԾఆͯ͠ɼϘʔϧͷ౤ٿύλʔϯΛ਺ྻͰදݱ͢Δɻྫ
͑͹ɼ࠷΋جຊతͳٕͰ͋Δ̏ϘʔϧΧεέʔυ͸ 3ɼ̏Ϙʔϧγϟϫʔ͸ 51ɼยख̎ͭ͸ 40
Ͱද͞ΕΔʢ஫ɽʠ 51ʡɼʠ 40ʡ͸ 2߲͔ΒͳΔ਺ ʠྻ 5, 1ʡɼʠ 4, 0ʡΛҙຯ͍ͯ͠ΔʣɻαΠτ
εϫοϓදه๏ʹΑͬͯɼδϟάϦϯάͷύλʔϯΛදݱͨ͠਺ྻΛδϟάϦϯά਺ྻͱݺͿɻ
·ͨɼαΠτεϫοϓදه๏͸ɼಉ࣌ʹෳ਺ͷϘʔϧΛ౤͛ΔϚϧνϓϨοΫεɾδϟάϦϯ
άʢҎԼɼଟॏδϟάϦϯάʣʹ΋֦ு͞ΕΔɻྫ͑͹ɼ̑ϘʔϧɾεϓϦοτ͸ [32], ยख̎
ελοΫ͸ [44]0, ̏ϘʔϧɾϚϧνϓϨοΫεɾγϟϫʔ͸ [53]121 Ͱද͞ΕΔɻ͜͜Ͱɼ[44],
1, 0 ͸ɼͦΕͧΕࣗવ਺ͷଟॏू߹ {4, 4}, {1}, ∅ Λҙຯ͍ͯ͠Δɻ͜Ε·ͰɼͲͷΑ͏ͳ਺ྻ
͕ʢଟॏʣδϟάϦϯά਺ྻͱͳΓɼͦͷ૊߹ͤ͸Կ௨Γ͋Δ͔౳ͷ༷ʑͳ໰୊͕਺ֶʹ͓͍
ͯݚڀ͞Ε͖ͯͨʢ[1, 5, 6]ͳͲʣɻ
δϟάϦϯά਺ྻ͸ɼ̎ͭͷδϟάϦϯά਺ྻʹ෼ׂͰ͖ͳ͍ͱ͖ɼૉʢprimeʣͱݺ͹ΕΔ
ʢ[5] ࢀরʣɻྫ͑͹ɼ423ͱ͍͏पظ 3ͷδϟάϦϯά਺ྻ͸ɼ42 + 3 ͱ෼ׂͰ͖ɼ42ͱ 3ͱ͍
͏̎ͭͷύλʔϯΛަޓʹ܁Γฦͨ͠ෳ߹ύλʔϯͰ͋ΔɻຊߘͰ͸ૉͳδϟάϦϯά਺ྻͷ
पظʹ͍ͭͯٞ࿦͢ΔɻϘʔϧͷ਺͕ bݸͰɼಉ࣌ʹmݸ·ͰͷϘʔϧΛ౤͛Δ͜ͱΛڐ͠ɼ
ݱΕΔ਺ࣈͷ্ݶΛ hͱͨ͠ͱ͖ͷɼૉͳଟॏδϟάϦϯά਺ྻͷ࠷େपظΛ Mm(b, h) Ͱද
͢ɻMm(b, h) ͷ۩ମతͳ஋͸ɼb ≥ 3 ͷͱ͖͸ز͔ͭͷখ͞ͳ h Λআ͘ͱɼෆ౳ࣜʹΑΔධՁ
͕ࣜ஌ΒΕ͍ͯΔͷΈͰ͋Δʢ[4, 5]ࢀরʣɻզʑ͸ɼલͷ࿦จ [4] ʹ͓͍ͯ h → ∞ ͷͱ͖ʹ
M1(3, h) = O(h
3) Ͱ͋Δ͜ͱΛূ໌ͨ͠ɻຊߘͰ͸ɼ[4]ͷূ໌Λվળͯ͠ɼΑΓਫ਼ີͳධՁࣜ
lim
h→∞
M1(3, h)
h3
=
1
6
Λূ໌͢Δɻ͞Βʹ͜ͷٞ࿦ΛଟॏδϟάϦϯά਺ྻʹ֦ுͯ͠ɼM2(2, h)
ͷ஋Λܾఆ͠ɼMm(3, h) (m = 2, 3) ͷ஋ʹ͍ͭͯ΋ߟ࡯͢Δɻ
*1෱Ҫେֶڭҭ஍ҬՊֶ෦ཧ਺ڭҭߨ࠲
*2෱ҪେֶେֶӃڭҭֶݚڀՊڭՊڭҭઐ߈਺ֶڭҭྖҬ
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2 δϟάϦϯά਺ྻͱঢ়ଶάϥϑ
δϟάϦϯά਺ྻͱঢ়ଶάϥϑͷఆٛͱجຊੑ࣭Λ [1, 5] ʹԊͬͯ࠶ܝ͢ΔɻδϟάϦϯάͷ
ٕͷ໊শʹ͍ͭͯ͸ɼ[2] ͳͲΛࢀরͤΑɻຊߘͰߟ࡯͢ΔδϟάϦϯάͷύλʔϯ͸ɼ౳ִؒ
ͷҰఆͷϦζϜͰࠨӈͷखͰަޓʹϘʔϧΛΩϟονͯ͠౤͛Δ͜ͱΛԾఆ͢Δɻͨͩ͠ɼϘʔ
ϧ͸Ұ౓ʹෳ਺౤͛Δ͜ͱ΋ڐ͕͢ɼ࿹ͷަࠩͳͲʹΑΔϘʔϧͷيಓͷҧ͍͸ߟྀ͠ͳ͍ɻ
࣮ࡍͷδϟάϦϯάͰ͸ɼΩϟονͱεϩʔͷؒʹ͸ɼϘʔϧΛอ࣋͢Δ͕࣌ؒ͋Δ͕ɼ؆ศͷ
ͨΊΩϟονˍεϩʔΛҰͭͷಈ࡞ͱΈͳ͠ɼ͜ΕΒ͸ಉ࣌ʹߦΘΕΔͱߟ͑Δɻ·ͨʮϘʔ
ϧΛ౤͛Δʯͱ͋Δ͕ɼϘʔϧΛ 0ݸ౤͛Δ͜ͱʢख͕ۭͷঢ়ଶʣ΋ߟ͑ΔɻϘʔϧΛʢΩϟο
νͯ͠ʣ౤͛Δ࣌ࠁΛɼ਺௚ઢ্ͷ੔਺఺Ͱද͠ɼ֤࣌ࠁͰ౤͛ΒΕͨϘʔϧ͕࣍ʹͲͷ࣌ࠁ
ͰΩϟον͞Εͯ࠶ͼ౤͛ΒΕΔ͔Λۂઢʢيಓ ͱݺͿʣͰ݁ΜͰදͨ͠άϥϑΛɼδϟάϦ
ϯάɾμΠΞάϥϜ ͱݺͿɻਤ 1 ͸ɼͦΕͧΕ̏Ϙʔϧγϟϫʔͱɼ̑ϘʔϧεϓϦοτͱݺ
͹ΕΔٕͷδϟάϦϯάɾμΠΞάϥϜͰ͋Δɻ
ਤ 1: δϟάϦϯάɾμΠΞάϥϜ
͋ΔδϟάϦϯάɾύλʔϯʹ͓͍ͯɼ࣌ࠁ i ∈ Z ʹ౤͛ΒΕͨmi ݸͷϘʔϧͷ଺ۭ࣌ؒ
ΛɼͦΕͧΕ ak (1 ≤ k ≤ mi) ͱͯ͠ɼࣗવ਺͔ΒͳΔଟॏू߹ Si = {a1, a2, · · · , ami} Λఆ
ΊΔɻʢ͜ͷͱ͖ɼmi = ♯Si Λ Siͷݸ਺ͱݺͿʣɻ·ͨɼ͜ͷ౤͛ํΛ Si-εϩʔͱݺͿɻͨ
ͩ͠ɼଟॏू߹ʢmultisetʣͱ͸ɼू߹ʹಉ͡஋ͷݩ͕زؚͭ·ΕΔ͔ͱ͍͏ɼݩͷʮॏෳ౓ʯ
Λߟ͑͋Θͤͨू߹֓೦Ͱɼඇॱং૊ͱ΋ݺ͹ΕΔɻैͬͯɼδϟάϦϯάɾύλʔϯ͸ɼࣗ
વ਺ͷଟॏू߹ྻ S = (Si)i∈ZͰද͞ΕΔɻ਺ྻ S = (Si)i∈Z ͕ɼपظ pΛ࣋ͭɼ͢ͳΘͪશ
ͯͷ i ∈ Z ʹ͍ͭͯ Si+p = Si ͕੒ཱ͢Δͱ͖ɼ॥؀અͷΈΛऔΓग़ͯ͠ɼS Λ༗ݶ਺ྻͰ
S = (Si)0≤i<p = S0S1 · · ·Sp−1 ͱද͢ɻ·ͨɼm = max{mi} Λύλʔϯ S ͷॏෳ౓ ͱݺͿɻ
ॏෳ౓͕ߴʑ1ͷδϟάϦϯάɾύλʔϯΛγϯϓϧͱݺͼɼॏෳ౓͕ 2Ҏ্ͷύλʔϯΛϚ
ϧνϓϨοΫεʢଟॏʣͱݺͿɻαΠτεϫοϓදه๏Ͱ͸ɼଟॏू߹ {a1, · · · , am} ͸ m ≥ 2
ͷͱ͖ [a1 · · · am]ɼm = 1 ͷͱ͖୯ʹ a1ɼm = 0ͷͱ͖͢ͳΘۭͪू߹Λ 0ͱදه͢Δश׳Ͱ
͋Γɼຊߘ΋͜Εʹै͏ɻಛʹɼγϯϓϧͳδϟάϦϯάɾύλʔϯ͸ඇෛ੔਺ྻͰද͞ΕΔɻ
·ͨɼaa · · · a︸ ︷︷ ︸
k
Λ͠͹͠͹ akͱུه͢Δɻྫ͑͹ [333]00 ͸ [33]02 ͳͲͱද͢ɻ
ఆٛ 2.1 ࣗવ਺ͷଟॏू߹ྻ S = (Si)0≤i<p ͕पظ pͷʢଟॏʣδϟάϦϯά਺ྻͱ͸ɼTi =
{(i + s) mod p | s ∈ Si} Ͱఆٛ͞ΕΔଟॏू߹ྻ T = (Ti)0≤i<p ͕࣍ͷ৚݅Λຬͨ͢ͱ͖Λ
͍͏ɻ
p−1∑
j=0
µ(i, Tj) = ♯Si (0 ≤ i < p) (1)
ͨͩ͠ɼµ(i, S) ͸ɼଟॏू߹ Sʹ͓͚Δཁૉ iͷॏෳ౓Λද͢ɻ
˞ (1)ࣜ͸ɼ࣌ࠁ iʹ౤͛ΔϘʔϧͷݸ਺ͱɼ࣌ࠁ iʹΩϟον͢ΔϘʔϧͷݸ਺͕౳͍͜͠ͱ
Λ͍ࣔͯ͠Δɻ
ྫ 2.2 ̏Ϙʔϧγϟϫʔ͔Βܾ·ΔδϟάϦϯά਺ྻ͸ɼ· · · 515151 · · · Ͱ͋Γɼ॥؀અΛऔΓ
ग़ͨ͠༗ݶ਺ྻͷදهͰ͸ɼ51, 15, 5151 ͳͲͰද͞ΕΔɻಉ༷ʹɼ̑ϘʔϧεϓϦοτͷδϟ
άϦϯά਺ྻ͸ [32], [32][32] ͳͲͰද͞ΕΔɻ
पظ pͷ਺ྻ S = {Si}0≤i<pʹରͯ͠ɼ֤߲Λ k͚ͩͣΒͨ͠ྻ S′ = {Si+k mod p}0≤i<p Λߏ
੒͢Δม׵ΛαΠΫϦοΫγϑτͱݺͿɻδϟάϦϯά਺ྻʹରͯ͠ɼαΠΫϦοΫγϑτ͠
ͨ΋ͷ͸ɼ࣌ࠁͷى఺͕ҟͳΔ͚ͩͰಉ͡ύλʔϯΛද͍ͯ͠Δɻ
δϟάϦϯάɾμΠΞάϥϜʹ͓͍ͯɼيಓ͸̍ͭͷϘʔϧͷಈ͖Λද͓ͯ͠Γɼيಓͷ਺
͸Ϙʔϧͷݸ਺Λҙຯ͢ΔɻδϟάϦϯά਺ྻͱϘʔϧͷݸ਺ʹ͸ɼ࣍ͷؔ܎͕͋Δɻ
໋୊ 2.3 पظ pͷδϟάϦϯά਺ྻ S = {Si}0≤i<p ΛδϟάϦϯά͢Δͷʹཁ͢ΔϘʔϧͷݸ
਺͸ɼ਺ྻʹݱΕΔ਺ࣈͷ߹ܭΛपظͰׂͬͨ஋ b = (∑a∈∪p−1i=0 Si a)/p ʹ౳͍͠ɻಛʹɼγϯϓ
ϧɾδϟάϦϯά਺ྻͷͱ͖͸ɼͦΕ͸֤߲ͷ਺ࣈͷฏۉ஋ʹ౳͍͠ɻ
ྫ 2.4 ̏ϘʔϧͷγϯϓϧɾδϟάϦϯά਺ྻͰɼपظ 3ͷ΋ͷ͸ɼαΠΫϦοΫγϑτͰ
ҠΓ߹͏΋ͷΛআ͘ͱɼ333, 423, 441, 504, 522, 531, 603, 612, 630, 711, 720, 801, 900 ͷ
13௨Γ͋Δɻಉ༷ʹɼ̏ϘʔϧͰɼߴ͕͞ 3ҎԼɼॏෳ౓͕ 2ͷଟॏδϟάϦϯά਺ྻͰɼप
ظ͕ 3ͷ΋ͷ͸ɼ[21][21][21], [22]2[21], [22]3[11], [31][11][21], [31][21]2, [31]23, [31][31]1, [32]0[31],
[32]1[21], [32]22, [32]31, [33]12, [33]03, [33]30 ͷ 14௨Γ͋Δɻ
δϟάϦϯάঢ়ଶάϥϑʹ͍ͭͯɼ࢝ΊʹྫΛ࢖ͬͯઆ໌͢Δɻࠓ̐ݸͷϘʔϧΛδϟάϦ
ϯά͍ͯ͠Δͱ͠ɼ౤͛ΒΕΔߴ͞ͷ্ݶΛ 5 ͱ͢Δɻͦͯ͠ݱࡏ͸ɼਤ 2 ͷδϟάϦϯάɾ
μΠΞάϥϜʹ͓͚Δॎͷ఺ઢͷঢ়ଶͱͯ͠ɼ͔͜͜ΒɼͲ͏δϟάϦϯά͠ଓ͚ΒΕΔ͔Λ
ߟ͑Δɻݱࡏͷঢ়ଶ͔Βɼ1,3,3,4ഥޙʹϘʔϧ͕མԼ͖ͯͯ͠ɼ2,5ഥޙʹ͸ͱΓ͋͑ͣϘʔϧ
͸མԼͯ͜͠ͳ͍༧ఆͰ͋Δɻ͜ͷঢ়ଶΛ 10210 ͱද͢ɻ̍ഥޙɼΩϟονͨ͠ 1ݸͷϘʔϧ
ΛɼԾʹ 3-εϩʔͰ౤͛ͨͱ͢ΔͱɼϘʔϧͷམԼ༧ఆͷঢ়ଶ͸ 02200 ͱͳΔɻͦͷ̍ഥޙʹ
͸Ϙʔϧ͸མͪͯ͜ͳ͍ͷͰɼख͕ۭͷঢ়ଶʢ0-εϩʔʣͰ͋Δɻͦͷޙɼঢ়ଶ͸ 22000 ΁ͱ
福井大学教育地域科学部紀要（自然科学　数学編），6，2015116
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ҠΔɻ࣍ͷ̍ഥޙʹ͸ɼ̎ݸͷϘʔϧ͕མԼ͖ͯͯ͠ɼॏෳ౓ 2ͷεϩʔͰ౤͛ͳ͚Ε͹ͳΒ
ͳ͍ɻ͜͜ͰԾʹ [54]-εϩʔͰ౤͛ͨͱ͢Δͱɼঢ়ଶ͸ 20011 ʹҠΔɻࠓ·Ͱͷঢ়ଶͷมભ͸ɼ
10210
3−→ 02200 0−→ 22000 [54]−→ 20011
Ͱද͞ΕΔɻ͜ͷΑ͏ʹɼϘʔϧͷམԼ༧ఆͷঢ়ଶ͕ɼ౤ٿʹΑͬͯ࣍ʑҠΓมΘ͍ͬͯ͘͜
ͱͰɼδϟάϦϯάΛଓ͚Δ͜ͱ͕Ͱ͖Δɻ
ਤ 2: ঢ়ଶ 10210
ఆٛ 2.5 ඇෛ੔਺ b, h,m ʹରͯ͠ɼϘʔϧ਺ bɼߴ͞ hɼॏෳ౓mͷ δϟάϦϯάঢ়ଶάϥ
ϑ Γm(b, h) = (V,E)ͱ͸ɼҎԼͷ௖఺ू߹ V ͱɼϥϕϧ෇͖ͷ༗޲ล E Ͱߏ੒͞ΕΔ༗޲ά
ϥϑͰ͋Δɻ͜ͷάϥϑͷ௖఺Λঢ়ଶͱݺͼɼϥϕϧ Sͷ༗޲ลΛ͠͹͠͹ S-εϩʔͱݺͿɻ
1. V = Vm(b, h) = {s = s1s2 · · · sh ∈ {0, 1, · · · ,m}h | s1 + s2 + · · ·+ sh = b}
2. s = s1s2 · · · sh, s′ = s′1s′2 · · · s′h ∈ V ʹରͯ͠ɼ(s, s′) ∈ E = Em(b, h) ⇔ s1ݸͷཁૉ͔Β
ͳΔࣗવ਺ͷଟॏू߹ S ͕ଘࡏͯ͠ɼs′i = si+1 + µ(i, S) (1 ≤ i < h), s′h = µ(h, S) ͕੒
Γཱͭɻ͜ͷͱ͖ɼ͜ͷ༗޲ล (s, s′) ʹϥϕϧ SΛ෇͚ͯɼs S−→ s′ ͱද͢ɻ
໌Β͔ʹɼmh < b ͷͱ͖ Γm(b, h) ͸ۭάϥϑͰ͋Γɼm ≥ b ͷͱ͖ Γm(b, h) = Γb(b, h) Ͱ
͋Δ͔ΒɼΓm(b, h) ͸ 1 ≤ m ≤ b ≤ mh ͷέʔεͷΈҙຯ͕͋Δɻ௨ৗɼδϟάϦϯάঢ়ଶά
ϥϑͱ͍͑͹ɼΓ1(b, h) Λࢦ͠ɼଟॏδϟάϦϯάঢ়ଶάϥϑͱ͍͑͹ɼΓb(b, h) Λࢦ͢ɻ
ྫ 2.6 ਤ 3 ͸Ϙʔϧ਺ 2ɼߴ͞ 3ͷଟॏδϟάϦϯάঢ়ଶάϥϑ Γ2(2, 3)Ͱ͋Δɻ
2
1
3
[31]3 0
0
[22]
12
[21]
0
[11]
[32]
[33]
101 020
110 200
002
011
ਤ 3: δϟάϦϯάঢ়ଶάϥϑ Γ2(2, 3)
δϟάϦϯάঢ়ଶάϥϑʹ͍ͭͯɼ࣍ͷੑ࣭͕੒Γཱͭʢ[5]ࢀরʣɻ
໋୊ 2.7 (1) m ≤ m′ ͷͱ͖ɼΓm(b, h) ͸ Γm′(b, h) ͷ෦෼άϥϑͰ͋Δɻ
(2) h′ < h ͷͱ͖ɼΓm(b, h) Λ௖఺෦෼ू߹ V ′ = {s = s1 · · · sh′0 · · · 0 ∈ {0, 1, · · · ,m}h | s1 +
· · ·+ sh′ = b} ʹ੍ݶͨ͠෦෼άϥϑ͸ Γm(b, h′) ͱಉܕͰ͋Δɻ
(3) Γm(mh− b, h) ͸ɼΓm(b, h) ʹ͓͍ͯ໼ҹͷ޲͖Λ൓ରʹͨ͠άϥϑͱಉܕͰ͋Δɻ
ূ໌ (1)(2)͸໌Β͔ɻ(3) ͷಉܕ͸ ϕ : Vm(b, h) → Vm(mh − b, h), ϕ(s1s2 · · · sh) = (m −
sh) · · · (m − s2)(m − s1) ʹΑͬͯ༩͑ΒΕΔɻ͜ͷͱ͖ɼϕ ͸൓มࣸ૾ͱͳΓɼϥϕϧ S =
[1c12c2 · · ·hch ] ͷลΛϥϕϧ S ′ = [1ch−12ch−2 · · · (h − 1)c1hm−c1−c2−···−ch ] ͕෇͚ΒΕͨٯ޲͖ͷ
ลʹରԠͤ͞Δɻ˘
ঢ়ଶάϥϑͷఆ͔ٛΒɼϘʔϧ਺ bɼߴ͕͞ߴʑ hɼॏෳ౓͕ߴʑm Ͱ͋ΔδϟάϦϯά਺
ྻ͸ɼ༗޲άϥϑ Γm(b, h) ͷด࿏ʹରԠ͢Δɻ
ఆٛ 2.8 δϟάϦϯά਺ྻ͸ɼରԠ͢Δঢ়ଶάϥϑͷด࿏͕ॳ౳తͰ͋Δʢಉ͡௖఺Λ̎౓௨
Βͳ͍ʣͱ͖ɼૉʢprimeʣͱݺͿɻ
Ұൠʹɼ༗޲άϥϑͷ೚ҙͷด࿏͸ɼ༗޲ลΛڞ༗͠ͳ͍ز͔ͭͷॳ౳ด࿏ʹ෼ׂͰ͖Δ͜
ͱ͔Βɼ೚ҙͷδϟάϦϯά਺ྻ͸ɼૉͳδϟάϦϯά਺ྻʹ෼ׂͰ͖Δ͜ͱ͕Θ͔Δɻ
ྫ 2.9 3ϘʔϧɾδϟάϦϯά਺ྻ [53]15121 ͸ɼঢ়ଶάϥϑΓ2(3, 5) ʹ͓͍ͯɼ[53]1 : 51 : 21
ͷίϩϯͷҐஔͰঢ়ଶ 11010 Λ̎ճ๚ΕΔͷͰɼૉͳδϟάϦϯά਺ྻ [53]121 ͱ 51 ʹ෼ׂ
Ͱ͖Δɻ
3 ૉͳδϟάϦϯά਺ྻͷ࠷େपظ
Ϙʔϧ਺ bɼߴ ͕͞ߴʑhɼॏෳ౓͕ߴʑmͷૉͳଟॏδϟάϦϯά਺ྻͷ࠷େपظΛMm(b, h)
ͱද͢ɻ͜Ε͸ɼδϟάϦϯάঢ়ଶάϥϑ Γm(b, h) ͷ࠷௕ͷॳ౳ด࿏ͷ௕͞ͱ΋ݴ͍׵͑ΒΕ
Δɻͳ͓ɼ[4, 5] Ͱ͸ɼM1(b, h), Mb(b, h) ͸ͦΕͧΕMP (b, h), MM(b, h) ͱදه͞Ε͍ͯΔɻ
໋୊ 2.7ΑΓɼMm(b, h)͸ɼม਺m,hʹؔͯ͠୯ௐ૿ՃͰ͋Δɻ·ͨɼMm(b, h) = Mm(mh−
b, h)Ͱ͋Δ͔Βɼmh ≥ 2bͷέʔεͷΈߟ͑Ε͹े෼Ͱ͋Δɻ1 ≤ b ≤ mh−1ͷͱ͖ɼ[h · · ·h]-
εϩʔͱ 0-εϩʔ͚͔ͩΒͳΔपظ h ͷ໌Β͔ͳૉͳδϟάϦϯά਺ྻʢωοΫϨεͱݺͿʣ
͕ଘࡏ͢Δ͜ͱ͔ΒɼԼݶ h ≤ Mm(b, h) ͕ಘΒΕΔɻ·ͨɼάϥϑͷॳ౳ด࿏ͷ௕͞͸ɼ௖
఺਺Λ௒͑ͳ͍ͷͰɼ࣍ͷෆ౳͕ࣜ੒ཱ͢Δɻ
h ≤Mm(b, h) ≤ ♯Vm(b, h) (2)
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· · ·+ sh′ = b} ʹ੍ݶͨ͠෦෼άϥϑ͸ Γm(b, h′) ͱಉܕͰ͋Δɻ
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[1c12c2 · · ·hch ] ͷลΛϥϕϧ S ′ = [1ch−12ch−2 · · · (h − 1)c1hm−c1−c2−···−ch ] ͕෇͚ΒΕͨٯ޲͖ͷ
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Ϙʔϧ਺ bɼߴ ͕͞ߴʑhɼॏෳ౓͕ߴʑmͷૉͳଟॏδϟάϦϯά਺ྻͷ࠷େपظΛMm(b, h)
ͱද͢ɻ͜Ε͸ɼδϟάϦϯάঢ়ଶάϥϑ Γm(b, h) ͷ࠷௕ͷॳ౳ด࿏ͷ௕͞ͱ΋ݴ͍׵͑ΒΕ
Δɻͳ͓ɼ[4, 5] Ͱ͸ɼM1(b, h), Mb(b, h) ͸ͦΕͧΕMP (b, h), MM(b, h) ͱදه͞Ε͍ͯΔɻ
໋୊ 2.7ΑΓɼMm(b, h)͸ɼม਺m,hʹؔͯ͠୯ௐ૿ՃͰ͋Δɻ·ͨɼMm(b, h) = Mm(mh−
b, h)Ͱ͋Δ͔Βɼmh ≥ 2bͷέʔεͷΈߟ͑Ε͹े෼Ͱ͋Δɻ1 ≤ b ≤ mh−1ͷͱ͖ɼ[h · · ·h]-
εϩʔͱ 0-εϩʔ͚͔ͩΒͳΔपظ h ͷ໌Β͔ͳૉͳδϟάϦϯά਺ྻʢωοΫϨεͱݺͿʣ
͕ଘࡏ͢Δ͜ͱ͔ΒɼԼݶ h ≤ Mm(b, h) ͕ಘΒΕΔɻ·ͨɼάϥϑͷॳ౳ด࿏ͷ௕͞͸ɼ௖
఺਺Λ௒͑ͳ͍ͷͰɼ࣍ͷෆ౳͕ࣜ੒ཱ͢Δɻ
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ಛʹm = 1 ͱm = b ͷͱ͖ɼ♯Vm(b, h) ͸༰қʹΘ͔ΔΑ͏ʹɼʢॏෳʣ૊߹ͤͰ͋Δɻ
♯V1(b, h) =
(
h
b
)
, ♯Vb(b, h) =
⟨
h
b
⟩
=
(
h+ b− 1
b
)
·ͨ m = b− 1 ͷͱ͖ɼ♯Vb−1(b, h) = ♯Vb(b, h)− h =
⟨
h
b
⟩− h ΋ͨͩͪʹΘ͔Δɻ
ঢ়ଶ s = s1s2 · · · sh ∈ Vm(b, h) ͸೚ҙͷαΠΫϦοΫγϑτͰҟͳΔঢ়ଶͱԾఆ͢Δɻ͜ͷ
ͱ͖ɼs Λى఺ͱ͢ΔωοΫϨεͱ͸ɼ[hs1 ][hs2 ] · · · [hsh ] Ͱ༩͑ΒΕΔ௕͞ hͷૉͳδϟάϦϯ
ά਺ྻͷ͜ͱͰ͋ΔɻΓm(b, h) ͷωοΫϨεͷ૯਺ΛNm(b, h) ͱ͓͘ɻಛʹN1(b, h) ͸࣍ͷ໋
୊Ͱ༩͑ΒΕΔʢ[5]ࢀরʣɻ
໋୊ 3.1 1 ≤ b ≤ h− 1 ͷͱ͖ɼ
N1(b, h) =
1
h
∑
d|gcd(b,h)
ϕ(d)
(
h/d
b/d
)
ͨͩ͠ɼϕ(d) := ♯{1 ≤ i ≤ d | gcd(i, d) = 1} ͸ΦΠϥʔؔ਺Ͱ͋Δɻ
Γm(b, h) ͷॳ౳ด࿏ Lʹ͓͍ͯɼॏෳ౓ 1ͷঢ়ଶ s = s1s2 · · · sh ∈ Γ1(b, h) ͔Β k-εϩʔʹ
ΑͬͯɼҟͳΔωοΫϨεͷঢ়ଶ s′ = s′1s′2 · · · s′h ʹҠΔͱ͢Δɻ͜ͷͱ͖ɼ1 ≤ k ≤ h− 1 Ͱ͋
Δ͔Βɼs′h = 0 Ͱ͋Γɼs′ Λى఺ͱ͢ΔωοΫϨεͷ̍ͭલͷঢ়ଶ s′′ = 0s′1s′2 · · · s′h−1 ͸ॳ౳
ด࿏Lʹؚ·ΕΔ͜ͱ͸ͳ͍ɻैͬͯL͸ɼܦ༝͢Δॏෳ౓ 1ͷωοΫϨεຖʹɼͦͷωοΫ
Ϩε಺ʹগͳ͘ͱ΋̍ͭ๚Εͳ͍ঢ়ଶ͕ͳ͚Ε͹ͳΒͳ͍ɻैͬͯɼ2 ≤ b ≤ mh− 2 ͷͱ͖ɼ
Mm(b, h) ≤ ♯Vm(b, h)−N1(b, h). (3)
ಛʹɼΓm(b, h) ʹ͸ϋϛϧτϯด࿏͕ଘࡏ͠ͳ͍͜ͱ͕Θ͔Δɻ͞Βʹɼb ≥ 3 ͷͱ͖ɼঢ়ଶ
0h−1b ΛؚΉॳ౳ด࿏͸ωοΫϨε [hb]0h−1 Ҏ֎ʹଘࡏ͠ͳ͍ͷͰɼ
Mb(b, h) ≤
(
h+ b− 1
b
)
−N1(b, h)− 1 (4)
͕੒Γཱͭɻಛʹɼ(b,m) = (2, 1) ͷͱ͖ɼෆ౳ࣜ (3)͸ɼ౳߸͕੒ཱ͢Δʢ[5]ࢀরʣɻ
ఆཧ 3.2 h ≥ 4 ͷͱ͖ɼ
M1(2, h) =
(
h
2
)
−N1(2, h) =
{
1
2
h(h− 2), h: ۮ਺,
1
2
(h− 1)2, h:ح਺.
࠷େͷૉͳδϟάϦϯά਺ྻ͸ɼg = h− 1, e = ⌊h−1
2
⌋ ͱͯ͠ɼ࣍Ͱ༩͑ΒΕΔɻ
he0e−1g0eh0e−1g0e+1h0e−2g0e+2h0e−3g0e+3h0e−4 · · ·h0g0h−3 (h ≥ 6 : ۮ਺),
he0e−1h0e−1g0eh0e−2g0e+1h0e−3g0e+2h0e−4g0e+3 · · ·h0g0h−3 (h ≥ 5 : ح਺).
b = 3ͷͱ͖ɼMm(3, h) ʹ͍ͭͯͷ্ݶ (3)(4)Λద༻ͯ͠ɼ࣍ͷෆ౳͕ࣜಘΒΕΔɻ
໋୊ 3.3
h ≥ 5 ͷͱ͖ɼM1(3, h) ≤
{
1
6
(h− 1)2(h− 2), h ̸≡ 0 (mod3);
1
6
(h− 3)(h2 − h+ 2), h ≡ 0 (mod3).
h ≥ 3 ͷͱ͖ɼM2(3, h) ≤
{
1
6
(h3 + 2h2 − h− 2), h ̸≡ 0 (mod3);
1
6
(h3 + 2h2 − h− 6), h ≡ 0 (mod3).
h ≥ 2 ͷͱ͖ɼM3(3, h) ≤
{
1
6
(h3 + 2h2 + 5h− 8), h ̸≡ 0 (mod3);
1
6
(h3 + 2h2 + 5h− 12), h ≡ 0 (mod3).
Mm(b, h) ͷ۩ମతͳ஋͸ɼb ≥ 3 ·ͨ͸ m ≥ 2 ͷͱ͖͸ɼখ͞ͳ hΛআ͍ͯ஌ΒΕ͍ͯͳ
͍ɻҎԼͰ͸ɼMm(3, h) ͷԼݶʹ͍ͭͯٞ࿦͢Δɻද 1͸ɼιϑτ΢ΣΞ Juggling Lab [3] ʹ
Αͬͯௐ΂ͨ Mm(3, h) ͷ஋Ͱ͋Δʢm = 1ͷͱ͖͸ɼ[5, 2.8.5અ] ʹ͸M1(3, h) ͷ஋͕ h ≤ 17
·Ͱهࡌ͞Ε͍ͯΔʣɻ
ද 1: Mm(3, h)
m\h 1 2 3 4 5 6 7
1 - - 1 4 8 15 30
2 - 2 5 14 27
3 1 3 8 18
3.1 M1(3, h) ͷԼݶ
h ≥ 8 ΛԾఆ͠ɼg = h − 1, e = ⌊h−5
3
⌋ ͱ͓͘ɻ0 ≤ j ≤ e, 0 ≤ i ≤ h − 4 − 3j ʹ͍ͭͯɼ
Γ1(3, h) ͷಓEj,i, Ej, EΛ࣍ͷΑ͏ʹఆٛ͢Δɻ
Ej,i : 10
j10h−3−2j−i10j+i h0
j−→ 10h−3−2j−i10j+i10j h0h−3−2j−i−→ 10j+i10j10h−3−2j−i,
Ej : Ej,0
g0j−→ Ej,1 g0
j+1−→ Ej,2 g0
j+2−→ Ej,3 g0
j+3−→ · · · · · · g0h−6−2j−→ Ej,h−5−3j g0
h−5−2j−→ 10j10j+110h−4−2j,
E : E1
g0−→ E2 g0
2−→ · · · g0e−1−→ Ee h0
eh0e+1−→ 10h−2e−410e10e+1.
ঢ়ଶ 1110h−3ʢground-stateʣΛى఺ͱ͠ɼಓEΛ௨Δॳ౳ด࿏Λߏ੒͢ΔͨΊʹɼE0 ͔Β
E0,0 ͱE0,e ͷҰ෦ΛऔΓআ͍ͨಓ E ′0 Λ࣍ͷΑ͏ʹఆٛ͢Δɻ
E ′0 : E0,1
g0−→ E0,2 g0
2−→ E0,3 g0
3−→ · · ·
· · · g0e−2−→ E0,e−1 g0
e−1−→ 110h−3−e10e 2−→ E0,e+1 g0
e+1−→ · · ·
· · · g0h−6−→ E0,h−5 g0
h−5−→ 11010h−4.
ಛʹm = 1 ͱm = b ͷͱ͖ɼ♯Vm(b, h) ͸༰қʹΘ͔ΔΑ͏ʹɼʢॏෳʣ૊߹ͤͰ͋Δɻ
♯V1(b, h) =
(
h
b
)
, ♯Vb(b, h) =
⟨
h
b
⟩
=
(
h+ b− 1
b
)
·ͨ m = b− 1 ͷͱ͖ɼ♯Vb−1(b, h) = ♯Vb(b, h)− h =
⟨
h
b
⟩− h ΋ͨͩͪʹΘ͔Δɻ
ঢ়ଶ s = s1s2 · sh ∈ Vm(b, h) ͸೚ҙͷαΠΫϦοΫγϑτͰҟͳΔঢ়ଶͱԾఆ͢Δɻ͜ͷ
ͱ͖ɼs Λى఺ͱ͢ΔωοΫϨεͱ͸ɼ[hs1 ][hs2 ] · [hsh ] Ͱ༩͑ΒΕΔ௕͞ hͷૉͳδϟάϦϯ
ά਺ྻͷ͜ͱͰ͋ΔɻΓm(b, h) ͷωοΫϨεͷ૯਺ΛNm(b, h) ͱ͓͘ɻಛʹN1(b, h) ͸࣍ͷ໋
୊Ͱ༩͑ΒΕΔʢ[5]ࢀরʣɻ
໋୊ 3.1 1 ≤ b ≤ h− 1 ͷͱ͖ɼ
N1(b, h) =
1
h
d|gcd(b,h)
ϕ(d)
(
h/d
b/d
)
ͨͩ͠ɼϕ(d) := ♯{1 ≤ i ≤ d | gcd(i, d) = 1} ͸ΦΠϥʔؔ਺Ͱ͋Δɻ
Γm(b, h) ͷॳ౳ด࿏ Lʹ͓͍ͯɼॏෳ౓ 1ͷঢ়ଶ s = s1s2 · sh ∈ Γ1(b, h) ͔Β k-εϩʔʹ
ΑͬͯɼҟͳΔωοΫϨεͷঢ়ଶ s′ = s′1s′2 · s′h ʹҠΔͱ͢Δɻ͜ͷͱ͖ɼ1 ≤ k ≤ h− 1 Ͱ͋
Δ͔Βɼs′h = 0 Ͱ͋Γɼs′ Λى఺ͱ͢ΔωοΫϨεͷ̍ͭલͷঢ়ଶ s′′ = 0s′1s′2 · s′h−1 ͸ॳ౳
ด࿏Lʹؚ·ΕΔ͜ͱ͸ͳ͍ɻैͬͯL͸ɼܦ༝͢Δॏෳ౓ 1ͷωοΫϨεຖʹɼͦͷωοΫ
Ϩε಺ʹগͳ͘ͱ΋̍ͭ๚Εͳ͍ঢ়ଶ͕ͳ͚Ε͹ͳΒͳ͍ɻैͬͯɼ2 ≤ b ≤ mh− 2 ͷͱ͖ɼ
Mm(b, h) ≤ ♯Vm(b, h)−N1(b, h). (3)
ಛʹɼΓm(b, h) ʹ͸ϋϛϧτϯด࿏͕ଘࡏ͠ͳ͍͜ͱ͕Θ͔Δɻ͞Βʹɼb ≥ 3 ͷͱ͖ɼঢ়ଶ
0h−1b ΛؚΉॳ౳ด࿏͸ωοΫϨε [hb]0h−1 Ҏ֎ʹଘࡏ͠ͳ͍ͷͰɼ
Mb(b, h) ≤
(
h+ b− 1
b
)
−N1(b, h)− 1 (4)
͕੒Γཱͭɻಛʹɼ(b,m) = (2, 1) ͷͱ͖ɼෆ౳ࣜ (3)͸ɼ౳߸͕੒ཱ͢Δʢ[5]ࢀরʣɻ
ఆཧ 3.2 h ≥ 4 ͷͱ͖ɼ
M1(2, h) =
(
h
2
)
−N1(2, h) =
{
1
2
h(h− 2), h: ۮ਺,
1
2
(h− 1)2, h:ح਺.
࠷େͷૉͳδϟάϦϯά਺ྻ͸ɼg = h− 1, e = ⌊h−1
2
⌋ ͱͯ͠ɼ࣍Ͱ༩͑ΒΕΔɻ
he0e−1g0eh0e−1g0e+1h0e−2g0e+2h0e−3g0e+3h0e−4 ·h0g0h−3 (h ≥ 6 : ۮ਺),
he0e−1h0e−1g0eh0e−2g0e+1h0e−3g0e+2h0e−4g0e+3 ·h0g0h−3 (h ≥ 5 : ح਺).
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b = 3ͷͱ͖ɼMm(3, h) ʹ͍ͭͯͷ্ݶ (3)(4)Λద༻ͯ͠ɼ࣍ͷෆ౳͕ࣜಘΒΕΔɻ
໋୊ 3.3
h ≥ 5 ͷͱ͖ɼM1(3, h) ≤
{
1
6
(h− 1)2(h− 2), h ̸≡ 0 (mod3);
1
6
(h− 3)(h2 − h+ 2), h ≡ 0 (mod3).
h ≥ 3 ͷͱ͖ɼM2(3, h) ≤
{
1
6
(h3 + 2h2 − h− 2), h ̸≡ 0 (mod3);
1
6
(h3 + 2h2 − h− 6), h ≡ 0 (mod3).
h ≥ 2 ͷͱ͖ɼM3(3, h) ≤
{
1
6
(h3 + 2h2 + 5h− 8), h ̸≡ 0 (mod3);
1
6
(h3 + 2h2 + 5h− 12), h ≡ 0 (mod3).
Mm(b, h) ͷ۩ମతͳ஋͸ɼb ≥ 3 ·ͨ͸ m ≥ 2 ͷͱ͖͸ɼখ͞ͳ hΛআ͍ͯ஌ΒΕ͍ͯͳ
͍ɻҎԼͰ͸ɼMm(3, h) ͷԼݶʹ͍ͭͯٞ࿦͢Δɻද 1͸ɼιϑτ΢ΣΞ Juggling Lab [3] ʹ
Αͬͯௐ΂ͨ Mm(3, h) ͷ஋Ͱ͋Δʢm = 1ͷͱ͖͸ɼ[5, 2.8.5અ] ʹ͸M1(3, h) ͷ஋͕ h ≤ 17
·Ͱهࡌ͞Ε͍ͯΔʣɻ
ද 1: Mm(3, h)
m\h 1 2 3 4 5 6 7
1 - - 1 4 8 15 30
2 - 2 5 14 27
3 1 3 8 18
3.1 M1(3, h) ͷԼݶ
h ≥ 8 ΛԾఆ͠ɼg = h − 1, e = ⌊h−5
3
⌋ ͱ͓͘ɻ0 ≤ j ≤ e, 0 ≤ i ≤ h − 4 − 3j ʹ͍ͭͯɼ
Γ1(3, h) ͷಓEj,i, Ej, EΛ࣍ͷΑ͏ʹఆٛ͢Δɻ
Ej,i : 10
j10h−3−2j−i10j+i h0
j−→ 10h−3−2j−i10j+i10j h0h−3−2j−i−→ 10j+i10j10h−3−2j−i,
Ej : Ej,0
g0j−→ Ej,1 g0
j+1−→ Ej,2 g0
j+2−→ Ej,3 g0
j+3−→ · · · · · · g0h−6−2j−→ Ej,h−5−3j g0
h−5−2j−→ 10j10j+110h−4−2j ,
E : E1
g0−→ E2 g0
2−→ · · · g0e−1−→ Ee h0
eh0e+1−→ 10h−2e−410e10e+1.
ঢ়ଶ 1110h−3ʢground-stateʣΛى఺ͱ͠ɼಓEΛ௨Δॳ౳ด࿏Λߏ੒͢ΔͨΊʹɼE0 ͔Β
E0,0 ͱE0,e ͷҰ෦ΛऔΓআ͍ͨಓ E ′0 Λ࣍ͷΑ͏ʹఆٛ͢Δɻ
E ′0 : E0,1
g0−→ E0,2 g0
2−→ E0,3 g0
3−→ · · ·
· · · g0e−2−→ E0,e−1 g0
e−1−→ 110h−3−e10e 2−→ E0,e+1 g0
e+1−→ · · ·
· · · g0h−6−→ E0,h−5 g0
h−5−→ 11010h−4.
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ͦ͜Ͱɼॳ౳ด࿏ LΛҎԼͷΑ͏ʹఆٛ͢Δɻ
L : 1110h−3 h2−→ E ′0 g−→ E
(g−e)0h−2e−4−→ 10e110h−e−3 (e+3)0
e
−→ 1110h−3. (5)
ด࿏ Lʹ͓͍ͯɼಓ E ͔Β 1110h−3 ʹ໭Δ్தͰܦ༝͢Δ 10e110h−e−3 ΛؚΉωοΫϨε
ͷҰ෦͸ɼE ′0 ʹ͓͍ͯআ͔Εͨ E0,e ෦෼ʹؚ·Ε͓ͯΓɼL͸ॳ౳ด࿏Ͱ͋Δ͜ͱʹ஫ҙ
͢Δɻಓ Ej,i ͷ௕͞͸ɼl(Ej,i) = h − 1 − j − i Ͱ͋Δ͔Βɼಓ Ej, E ′0 ͷ௕͞͸ɼͦΕͧΕ
l(Ej) =
∑h−5−3j
i=0 {l(Ej,i)+(j+i+1)} = h(h−4−3j)͓Αͼ l(E ′0) = l(E0)−2h+1 = h2−6h+1
Ͱ͋Δɻैͬͯɼด࿏ Lͷ௕͞͸ɼҎԼͰٻΊΒΕΔɻ
l(L) = 3 + l(E ′0) + l(E) + (h− e− 2)
= h2 − 5h+ 2− e+∑ej=1{l(Ej) + j + 1}+ e+ 2
= h2 − 5h+ 4 +∑ej=1(h2 − 4h− 3hj + j + 1)
= h2 − 5h+ 4 + (h2 − 4h+ 1)e+ 1
2
(1− 3h)e(e+ 1)
= (h2 − 11
2
h+ 3
2
)e+ 1
2
(1− 3h)e2 + (h2 − 5h+ 4).
e = ⌊h−5
3
⌋ Λ୅ೖͯ͠ɼ࣍ͷෆ౳͕ࣜಘΒΕΔɻ
ఆཧ 3.4 h ≥ 8 ͷͱ͖ɼ
M1(3, h) ≥ 1
6
h3 − 7
9
h2 +

−1
6
h+ 3, h ≡ 0 (mod3);
−11
18
h+ 29
9
, h ≡ 1 (mod3);
− 1
18
h+ 26
9
, h ≡ 2 (mod3).
ఆཧ 3.4ͱ໋୊ 3.3 ͷ݁Ռ͔Βɼ[4, ஫ҙ 3.9] Ͱ༧૝͞Ε͍ͯͨ࣍ͷۃݶ͕ࣜূ໌Ͱ͖Δɻ
ܥ 3.5 lim
h→∞
M1(3, h)
h3
=
1
6
3.2 M2(3, h) ͱM3(3, h) ͷԼݶ
h ≥ 3 ΛԾఆ͠ɼg = h− 1 ͱ͓͘ɻ1 ≤ i ≤ h− 2 ʹ͍ͭͯɼΓ2(3, h) ͷಓCi ͱCΛҎԼͷ
Α͏ʹఆٛ͢Δɻ
Ci : 0
i−110h−2−i20 0
i−1−→ 10h−2−i20i h0h−2−i−→ 20i10h−2−i,
C : 0h−3210
0h−3[hh]−→ 10h−22 1−→ C1 [gg]−→ C2 [gg]−→ C3 [gg]−→ · · · [gg]−→ Ch−2.
͜ͷͱ͖ɼC͸ॳ౳తͳಓͰɼ௕͞͸ l(C) = h2 − 2hɼऴ఺͸ 20h−21 Ͱ͋Δɻ
ิ୊ 3.6 L͸ Γ1(3, h) ͷॳ౳ด࿏Ͱɼ༗޲ล 10h−311 k−→ 0k−110h−k−3110 (1 ≤ k ≤ h− 4) ·
ͨ͸ 110h−31 k−→ 10k−210h−k−210 (2 ≤ k ≤ h − 2) ΛؚΉͱ͢Δɻ͜ͷͱ͖ɼΓ2(3, h) ͷॳ౳
ด࿏ L′Ͱɼl(L′) = l(L) + h2 − 2h+ 2 Λຬͨ͢΋ͷ͕ଘࡏ͢Δɻ
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ূ໌ Lͷϥϕϧ k͕͍ͭͨ༗޲ลΛɼΓ2(3, h) ͷ࣍Ͱࣔ͢ಓͷͲͪΒ͔ʹஔ͖׵͑ͨด࿏ͱ
ͯ͠ L′ Λఆٛ͢Δɻ
10h−311 h−2−→ C [h,k+1]−→ 0k10h−k−311 0−→ 0k−110h−k−3110,
110h−31 h−→ 10h−311 h−2−→ C [k,1]−→ 10k−210h−k−210.
͜ͷͱ͖ɼͲͪΒͷέʔε΋ॳ౳ด࿏ L′ͷ௕͞͸ɼl(L′) = l(L) + l(C) + 2 Ͱ͋Δɻ˘
ิ୊ 3.7 b ≥ 2 ͱ͠ɼa = b − 1, g = h − 1 ͱ͓͘ɻL′ Λ Γa(b, h) ͷॳ౳ด࿏Ͱɼ༗޲ล
10h−2a k−→ 0k−110h−k−2a0 (1 ≤ k ≤ h − 2) ΛؚΉͱ͢Δɻ͜ͷͱ͖ɼΓb(b, h) ͷॳ౳ด࿏ L˜
Ͱɼl(L˜) = l(L′) + h Λຬͨ͢΋ͷ͕ଘࡏ͢Δɻ
ূ໌ L′ ͷ༗޲ล 10h−2a k−→ 0k−110h−k−2a0 ΛɼΓb(b, h) ͷ࣍Ͱࣔ͢ಓʹஔ͖׵͑ͨด࿏ͱ͠
ͯ L˜ Λఆٛ͢Δɻ
10h−2a
g−→ 0h−2b0 0h−2−→ b0h−1 [h
a,k+1]−→ 0k10h−k−2a 0−→ 0k−110h−k−2a0
͜ͷͱ͖ɼL˜ ͸ Γb(b, h) ͷॳ౳ด࿏Ͱɼl(L˜) = l(L′) + h Ͱ͋Δɻ˘
ྫ 3.8 पظ 27ͷ਺ྻ 554005[54]000[55]1500[54]05054050[54]00 ͸ɼϘʔϧ਺ 3ɼॏෳ౓ 2ɼߴ
͞ 5ͷ࠷େपظͷૉͳଟॏδϟάϦϯά਺ྻͷҰͭͰ͋Δʢද 1ʣɻ͜ͷ਺ྻʹରԠ͢Δδϟά
Ϧϯάঢ়ଶάϥϑͷด࿏͸ɼୈ 12߲Ͱ༗޲ล 10002 1−→ 10020 Λ௨ΔͷͰɼ1Λ 4000[552]0 ʹ
ஔ͖׵͑Δ͜ͱͰɼपظ 32ͷॏෳ౓ 3ͷૉͳδϟάϦϯά਺ྻ͕ಘΒΕΔɻҰํɼ໋୊ 3.3 ͔
Β M3(3, 5) ≤ 32 ͕Θ͔ΔͷͰɼM3(3, 5) = 32 ͕ܾఆͰ͖Δɻ
ఆཧ 3.9 h ≥ 1 ͷͱ͖ɼ
M2(2, h) = ♯V2(2, h)−N1(2, h) =
{
1
2
h2, h :ۮ਺;
1
2
(h2 + 1), h :ح਺.
ূ໌ 1 ≤ h ≤ 4 ͷͱ͖͸ɼఆཧ͸੒ཱ͍ͯ͠Δɻ࣮ࡍɼ[11], [22]0ʢ·ͨ͸ [21]1ʣɼ320[32]0,
4300[42]030 ͸ɼͦΕͧΕ h = 1, 2, 3, 4 ͷͱ͖ͷϘʔϧ਺ 2ͷ࠷େपظଟॏδϟάϦϯά਺ྻͰ
͋Δɻh ≥ 5 ͷͱ͖ɼϘʔϧ਺ 2ͷ࠷େपظͷγϯϓϧɾδϟάϦϯά਺ྻ͸ɼఆཧ 3.2Ͱࣔ
͞Ε͓ͯΓɼୈ 2߲Ͱ༗޲ล 10h−21 e−→ 0e−110h−e−210 Λ௨Δɻ͜Ε͸ิ୊ 3.7ͷ৚݅Λຬͨ
͓ͯ͠ΓɼeΛ g0h−2[h, e+ 1]0 ʹஔ͖׵͑Δ͜ͱͰɼपظM1(2, h) + h ͷ Γ2(2, h) ͷૉͳଟॏ
δϟάϦϯά਺ྻ͕ಘΒΕΔɻҰํɼෆ౳ࣜ (3)͔Βɼ্ݶ M2(2, h) ≤ ♯V2(2, h)−N1(2, h) =(
h
2
)
+ h−N1(2, h) = M1(2, h) + h ͕͍͑ΔͷͰɼ͜ΕΒͷෆ౳ࣜ͸౳߸͕੒ཱ͍ͯ͠Δɻ˘
b = 3, h ≥ 8 ͷͱ͖ɼఆཧ 3.4 ʹิ୊ 3.6, 3.7 Λద༻ͯ͠ɼMm(3, h) ͷԼݶ͕ࣜಘΒΕΔɻ
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ఆཧ 3.10 h ≥ 8 ͷͱ͖ɼ
M2(3, h) ≥ 1
6
h3 +
2
9
h2 +

−13
6
h+ 5, h ≡ 0 (mod3);
−47
18
h+ 47
9
, h ≡ 1 (mod3);
−37
18
h+ 44
9
, h ≡ 2 (mod3).
M3(3, h) ≥ 1
6
h3 +
2
9
h2 +

−7
6
h+ 5, h ≡ 0 (mod3);
−29
18
h+ 47
9
, h ≡ 1 (mod3);
−19
18
h+ 44
9
, h ≡ 2 (mod3).
ূ໌ ఆཧ 3.4ͷূ໌Ͱߏ੒ͨ͠ Γ1(3, h) ͷॳ౳ด࿏ (5)Λ Lͱ͓͘ɻL͸ୈ 2߲Ͱɼ༗޲ล
110h−31 2−→ 110h−410Λ௨ΔͷͰɼิ୊ 3.6ͷ৚݅Λຬͨ͠ɼ௕͞ l(L)+h2−2h+2ͷΓ2(3, h)
ͷॳ౳ด࿏L′ ͕ಘΒΕΔɻ·ͨ͜ͷͱ͖ɼL′ ͸༗޲ล 10h−22 1−→ 10h−320 Λ௨ΔͷͰɼิ୊
3.7ͷ৚݅Λຬͨ͠ɼ௕͞ l(L′) + h ͷ Γ3(3, h) ͷॳ౳ด࿏ L˜ ͕ಘΒΕΔɻ˘
ྫ 3.11 [5, 2.8.5અ]ʹɼh = 6, 7, 8, 9ͷͱ͖ͷ࠷େपظͷૉͳ̏ϘʔϧγϯϓϧɾδϟάϦϯά
਺ྻ͕ྻڍ͞Ε͍ͯΔɻͦΕΒ͸ɼ௕͕ͦ͞ΕͧΕ 15, 30, 49, 74Ͱ͋Γɼશͯิ୊ 3.6ͷ৚݅
Λຬ͍ͨͯ͠Δɻैͬͯɼෆ౳ࣜ 41 ≤M2(3, 6), 67 ≤M2(3, 7), 99 ≤M2(3, 8), 139 ≤M2(3, 9)
͕ಘΒΕΔɻಉ༷ʹɼิ୊ 3.7 ͔Βෆ౳ࣜ 47 ≤ M3(3, 6), 74 ≤ M3(3, 7), 107 ≤ M3(3, 8),
148 ≤ M3(3, 9) ΋ಘΒΕΔɻ͜ͷ݁Ռͱ໋୊ 3.3 ͱ߹ΘͤΔͱɼྫ͑͹ 41 ≤ M2(3, 6) ≤ 46,
67 ≤M2(3, 7) ≤ 72, 99 ≤M2(3, 8) ≤ 105 ͕ࣔ͞ΕΔɻ
ఆཧ 3.10ͱ໋୊ 3.3Λ߹Θͤͯɼܥ 3.5ΛଟॏδϟάϦϯάʹ֦ுͰ͖Δɻ
ܥ 3.12 m = 2, 3 ʹରͯ͠ɼ lim
h→∞
Mm(3, h)
h3
=
1
6
͕੒Γཱͭɻ
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